In this paper, a new concept of fuzzy dominator coloring is introduced. Fuzzy dominator chromatic number of fuzzy complete graph, fuzzy complete bipartite graph, and fuzzy cycle has been discussed. Bounds for fuzzy dominator chromatic number and necessary and sufficient condition for fuzzy dominator chromatic number to be 2 and n has been found. It is proved that fuzzy dominator chromatic number equals fuzzy chromatic number if at least one node of G has strong degree n-1.
Introduction
Fuzzy graph theory was introduced by Azriel Rosenfeld in 1975. Though it is very young, it has been growing fast and has numerous applications in various fields. Dominator coloring in graphs was discussed by many authors [1, 3, and 5] . In this paper, a new concept of fuzzy dominator coloring is introduced which the generalization of dominator coloring in crisp graph. Fuzzy dominator coloring of a fuzzy graph G is a proper fuzzy coloring of G in which every node of G dominates every node of at least one color class. The minimum number of colors required for a fuzzy dominator coloring of G is called the fuzzy dominator chromatic number (FDCN) and is denoted by fd (G). In this paper, the basic definitions and symbols were followed as in [9] .
Preliminaries
A fuzzy graph G=(σ, μ) is a pair of functions σ:V[0,1] and  :VV [0, 1] , where for all u, vV, we have (u, v)σ(u)σ(v). The underlying crisp graph of G :(σ, μ) is denoted by G*(V, E) where E ⊆ V×V and n is the number of nodes in G. A fuzzy graph G= (σ, μ) is a complete fuzzy graph if (u, v)=σ(u)σ(v), u,v V. The path is called a cycle if u0 = un. The strength of connectedness between u and v is defined as the maximum of the strength of all paths between u and v and is denoted by  ∞ (u, v). An u-v path P is called a strongest u-v path if its strength equals  ∞ (u, v). An arc of a fuzzy graph is called strong if its weight is at least as great as the connectedness of its end nodes when it is deleted. If (x, y) is strong arc then x and y are strong neighbor. An arc is called a fuzzy bridge of G if its removal reduces the strength of the connectedness between some pair of nodes in G. A cycle in G is said to be fuzzy cycle if it contains more than one weakest arc. Two nodes of a fuzzy graph are said to be fuzzy independent if there is no strong arc between them. A subset S of V is said to be fuzzy independent of if any two nodes of S are fuzzy independent. A fuzzy graph G = (σ, μ) is fuzzy bipartite if it has a spanning fuzzy sub graph H =( which is bipartite where for all edges (u ,v) not in H =( weight of (u, v) in G is strictly less than the strength of pair (u, v) in H .i.e., (u, v) < ∞ (u, v). A fuzzy bipartite graph G with fuzzy bipartition (V1, V2) is said to be complete fuzzy bipartite if for each node of V1, every node of V2 is a strong neighbor.
3 Fuzzy dominator coloring for classes of fuzzy graphs 3.1 Definition: Two nodes x and y in a fuzzy graph G= (σ,μ) are strong adjacent if (x ,y) is strong arc. Otherwise they are said to be weak adjacent.
Definition:
The strong degree of a node v is the number of nodes that are strong adjacent to v. It is denoted by d s (v).
A k-fuzzy coloring of a fuzzy graph G is an assignment of k colors, usually denoted by 1, 2… k, to the nodes of G. A fuzzy coloring is proper if no two distinct strong adjacent nodes have the same color. A fuzzy graph G is k-fuzzy colorable if G has a proper k-fuzzy coloring. The fuzzy chromatic number f (G), of a fuzzy graph G, is the minimum k for which G is k-fuzzy colorable.
A fuzzy dominator coloring (FDC) of a fuzzy graph G is a proper fuzzy coloring in which each node of G dominates every node some color class.
Fuzzy dominator chromatic number of a fuzzy graph is the minimum number of color classes in a dominator fuzzy coloring of G. It is denoted by fd (G).
Proposition:
If G is a fuzzy complete graph G then fd (G) = n.
Proof:
Since f (G) = n, G contains n color classes {v1}, {v2}… {vn}. Thus every node of G dominates some color class.  fd (G) = n.
Proposition:
If G is a fuzzy graph whose arcs are strong then fd (G) = n. Proof This is similar as proposition 3.6.
If G is a complete fuzzy bipartite graph then fd (G) = 2.
Proof:
Let G be a fuzzy complete bipartite graph with bipartition V1 and V2. Then every node of V1 dominates every node of V2 and vice versa. Now assign color 1 to V1 and assign color 2 to V2. Clearly this is FDC. fd (G) = 2.
Proposition:
If G is a fuzzy graph such that G * = (V, E) is a path of length n3 then fd (G) equals , for n = 3, 4 and 5 and , for n6.
Proof:
Let G be a fuzzy graph whose underlying graph is a path of length n. Clearly every internal nodes of G dominates itself and its neighboring nodes. It is easy to verify that fd (G) =1+ for n= 3, 4, 5. Now we have to prove that fd(G) = 2+ for n6. We consider three cases.
Case i: n≡0 (mod 3). Then n=3k. Let u1, u2… u3k be the nodes of G. We should use at least 3k non-repeated colors to obtain minimum FDC. So choose one node for every 3 nodes to color non-repeated colors. Without loss of generality, choose middle node of every three nodes. Thus {u2}, {u5} … {u3k-1} are the k= color classes (non-repeated colors) of G. Now color the remaining nodes of G. Since u3 and u4 are strong adjacent in the remaining nodes, we have two color classes for proper fuzzy coloring. So assign color k+1 to {u1, u3…u3k} and assign color k+2 to {u4, u7 … u3k-2}. Thus we have k+2 = 2+ color classes in a minimum fuzzy dominator coloring.
Case ii: n≡1 (mod 3). We have to color one more node 3k+1 such that it is not strong adjacent to any node in the corresponding color class. Add it in the color class {u4, u7… u3k-2}. So the new fuzzy coloring is a minimum FDC. Thus we have k+2 = 2+ color classes in a minimum FDC.
Case iii: n≡2 (mod 3). We have to color one more node 3k+2 such that it is not strong adjacent to any node in the corresponding color class. Add it in the color class {u1, u3… u3k}. So the new fuzzy coloring is a minimum FDC. Thus we have k+2 = 2+ color classes in a minimum FDC.
Proposition:
If G is a fuzzy cycle of length n, then fd(G) equals +1, if n=4 and +2, for n5.
Proof:
Let Cn = u1u2… un u1 be a fuzzy cycle of length n. Then it is easy to that fd(G)= for n= 4. Now we have to prove that fd(G)=2+ for n5. Consider the sub graph Pn= u1u2… un, where nodes and edges have same membership values as in G. By proposition 3.8, fd(Pn)= 2+ . So there is a FDC of the path u1u2… un with 2+ such that nodes u1 and un are dominated by themselves or by u 2 and un-1 respectively. We obtain the cycle Cn from Pn by adding the edge u1un. If the colors of u1 and un are same then, say color i (1 i fd(Pn)), then color i is one of the repeated colors in a FDC of Pn. Since fd(Pn)= 2+ , there is at least one other color that repeats, say j, 1 ji  fd(Pn). Then assign color j to u1. Now the color u2 is non-repeated color since u1 must dominate some color class in Pn, and so the colors u1 and u2 are different. The rest of the nodes have a proper fuzzy coloring since the assignment of colors was inherited from Pn. The new fuzzy coloring is a FDC since it was a fuzzy dominator coloring of Pn and the possible changes of the addition of the extra edge were studied. On the other hand, if the colors of u1and un were non-repeated colors in a fuzzy dominator coloring of Pn, then the fuzzy dominator coloring of Pn would not be optimal. And so, at most one of the u1and un will have non-repeated color, say un. Then necessarily un-1 has a repeated color in an optimal FDC of Pn. Then adding the edge u1un will preserve the FDC of Pn in Cn.
Bounds of Fuzzy Dominator Chromatic number
Let G be a connected fuzzy graph where the number of nodes is n2. Then at least two different colors are needed in a FDC. Moreover if each node receives its unique color, then we also have a FDC. Thus 2  fd(G) n and these bounds are sharp for complete fuzzy bipartite graph and complete fuzzy graph. 4.1 Proposition: Let G be a connected fuzzy graph. Then max {f (G), (G)} fd(G)  f(G) + (G).
Proof:
Let G be a connected fuzzy graph. Since every FDC is a proper fuzzy coloring of G, f (G) fd(G). Also let c be a minimum fuzzy dominator coloring of G for each color class of G, let xi be a node in color class i, with 1i fd (G). Then S= {xi: 1i fd (G)} is a dominating set which implies (G) =c=fd(G).
Therefore max {f (G), (G)}fd(G).
For the upper bound, let c be a proper fuzzy coloring of G with f (G) colors. Now assign colors f(G) +1, f(G)+2,… f(G)+(G) to the nodes of minimum dominating set of G leaving the rest of the nodes colored as before. Clearly this is a FDC of G. Therefore fd (G)  f(G) + (G). The lower bound is sharp as it can be seen for the complete fuzzy bipartite graph and the upper bound is sharp for Pn (n6).
Some results on Fuzzy dominator Coloring

Proposition:
Let G be a connected fuzzy graph. Then fd (G) =2 iff G is a complete fuzzy bipartite graph. Proof: Let G be a fuzzy graph such that fd (G) = 2 with V1 and V2 being the two color classes. If =1 or = 1then G is complete fuzzy bipartite graph with bipartition =1 and. =n-1, since G is connected. So assume that  2 and  2. Let vV1. Since V1 is fuzzy independent and  2 it follows that v is not dominated by any node in V1. By the definition of FDC v must dominates color class V2. That is v is strong adjacent to each node in V2. Similarly for arbitrary node of V2, that node is strong adjacent to each node of V1. Thus G is complete fuzzy bipartite graph. Converse follows from proposition 3.8.
Let G be a connected fuzzy graph. Then fd (G) =n iff G is a fuzzy graph whose underlying crisp graph is complete and all arcs of G are strong.
Proof:
Let G be a connected fuzzy graph such that fd(G) =n. Assume to the contrary that G is not a fuzzy graph whose underlying crisp graph is complete and all arcs of G are strong.. Then there exist at least one pair of nodes x, y such that x and y are not strong adjacent. Define fuzzy coloring of G such that x and y receive the same color and the remaining nodes receive unique color. Clearly this is a FDC of G and so fd (G) n-1, which is a contradiction to fd (G) =n. Converse follows from proposition 3.7.
Proposition:
If a fuzzy graph G contains a node of strong degree n-1 then fd (G) = f (G).
Proof:
Let G be fuzzy graph with =n. Clearly G is connected. Assume that G contains a node of strong degree n-1. Let v1, v2 …vn be the nodes of G. without loss of generality, let vi for some i (i=1, 2…n) be the node of strong degree n-1. Then vi is strong adjacent to every other node of G. Let c1, c2…ck be the color classes of G such that f (G)=k. Clearly one of the color class, say ci= {vi}. This fuzzy coloring is proper and every nodes of G dominates at least one color class (ci). Thus we have the FDC of k color classes. Therefore f (G) = k = fd (G).
Corollary:
For any fuzzy graph G, if (G) =1 then fd (G) = f (G). The converse of the above proposition is not true.
